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Abstract
By an A-spectral space, we mean a topological space X such that the Alexandroff extension (one
point compactification) of X is a spectral space. We give necessary and sufficient conditions on the
space X in order to get it A-spectral.
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0. Introduction
Let Spec(R) denote the set of prime ideals of a commutative ring with identity R,
ordered by inclusion, and call a partial ordered set spectral if it is order isomorphic to
Spec(R) for some R [6]. Such spectral sets are of interest not only in (topological) ring
and lattice theory, but also in computer science, in particular, in domain theory.
Recall that if R is a ring, the Zariski topology for Spec(R) is defined by letting
C ⊆ Spec(R) be closed if and only if there exists an ideal a of R such that C = {p ∈
Spec(R) | p⊇ a}.
A complete characterization of spectral sets still seems very far off. On the other
hand, the corresponding topological question of characterizing spectral spaces (that is,
topological spaces homeomorphic to the prime spectrum of a ring equipped with the
* Corresponding author.
E-mail addresses: Belaid412@yahoo.fr (K. Belaid), othechi@yahoo.com (O. Echi).
0166-8641/$ – see front matter  2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2003.08.009
316 K. Belaid et al. / Topology and its Applications 138 (2004) 315–322
Zariski topology) was completely answered by Hochster in [2]: A topology T on a set
X is spectral if and only if the following axioms hold:
(i) (X,T ) is sober (that is, every nonempty irreducible closed subset is the closure of a
unique point).
(ii) (X,T ) is quasi-compact.
(iii) The quasi-compact open subsets form a basis of T .
(iv) The family of quasi-compact open subsets of X is closed under finite intersections.
Note that many authors use the term “compact” instead of “quasi-compact”.
Let X have a topology T and a partial ordering . We say that T is compatible with 
if {x} = {y ∈X | x  y}, for all x ∈X.
Let (X,T ) be a T0-space. Then X has a partial ordering, , induced by T by defining
x  y if and only if y ∈ {x}. One can obviously see that (X,) is spectral if and only if
there exists an order compatible spectral topology on X.
Section 1 contains some remarks and topological material about the Alexandroff
extension which will be needed throughout. By an Alexandroff-spectral space (A-spectral
space for short), we mean a topological space such that its one point compactification is a
spectral space.
Section 2 deals with the problem of when the one point compactification of a T0-space
is a spectral space.
1. Some remarks about the one point compactification
Let X be a topological space, set X˜ = X ∪ {∞} with the topology whose members
are the open subsets of X and all subsets U of X˜ such that X˜ \ U is a closed quasi-
compact subset of X. The space X˜ is called the Alexandroff extension of X (or the one
point compactification of X).
Remark 1.1. Let X be a topological space and X˜ the Alexandroff extension of X. Then
the following properties hold:
(1) X˜ is a T0-space if and only if X is a T0 -space.
(2) The closed subsets of X˜ are:
– the C∪ {∞}, where C is a closed subset of X;
– the quasi-compact closed subsets of X.
(3) Let C be a closed non-quasi-compact subset of X, then the closure of C in X˜ is
CX˜ = C ∪ {∞}.
Remark 1.2. Let X be a topological space and i :X ↪→ X˜ the injection of X onto its one
point compactification X˜. Then the following properties hold:
(1) i is actually an open embedding.
(2) X is quasi-compact if and only if i is a closed map.
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Remark 1.3. Let X be a topological space and A an irreducible subset of X˜. Then A ∩X
is an irreducible subset of X.
The following result may be known and we leave its simple proof to the reader.
Proposition 1.4. Let X be a topological space. Then the following statements are
equivalent:
(i) X is sober.
(ii) X˜ is sober.
We need the following definitions.
Definition 1.5. Let X be a topological space and U a subset of X.
(1) Call U intersection quasi-compact open, or IQO, if for every quasi-compact open set
O of X, U ∩O is quasi-compact.
(2) Call U intersection quasi-compact closed, or IQC, if for every quasi-compact closed
set O of X, U ∩O is quasi-compact.
(3) Call U intersection quasi-compact open closed, or IQOC, if it is IQO and IQC.
(4) Call U co-quasi-compact if X \U is quasi-compact.
Proposition 1.6. Let X be a topological space and O a subset of X. Then the following
statements are equivalent:
(i) O ∪ {∞} is a quasi-compact open subset of X˜.
(ii) O is an open subset of X satisfying the following properties:
(a) O is co-quasi-compact in X.
(b) O is IQC.
Proof. (ii) ⇒ (i). Since X \ O is a quasi-compact closed subset of X, O ∪ {∞} is open
in X˜. Let (Ui)i∈I be an open covering of O ∪ {∞}. There exists i0 ∈ I such that ∞ ∈
Ui0 . Let us consider the quasi-compact closed subset H = X˜ \ Ui0 of X. Then H ∩O is
quasi-compact in X since O is IQC. Thus there exists a finite subset J of I such that
O ∩ H ⊆⋃i∈J Ui . Therefore, O ∪ {∞} ⊆ Ui0 ∪ (
⋃
i∈J Ui); so that O ∪ {∞} is quasi-
compact in X˜.
(i)⇒ (ii). By definition of the topology on X˜, X \O is a quasi-compact closed subset
of X.
LetH be a quasi-compact closed subset of X. Then O∩H = (O∪{∞})∩H is a closed
subset of the quasi-compact open subset O ∪ {∞} of X˜. But O ∩H ⊆X, this implies that
O ∩H is quasi-compact in X, proving that O is IQC. ✷
A continuous map q :X → Y is said to be a quasi-homeomorphism [1] if for each
open subset U of X there exists a unique open subset V of Y such that U = q−1(V )
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(equivalently, for each closed subset F of X, there exists a unique closed subset G of Y
such that F = q−1(G)).
Let X be a topological space and S(X) the set of all nonempty irreducible closed
subsets of X [1]. Let U be an open subset of X, set Us = {F ∈ S(X) | U ∩ F = ∅},
then the collection {Us : U is an open subset of X} provides a topology on S(X) and the
following properties hold:
(i) The map qX :X→S(X) defined by: x → {x} is a quasi-homeomorphism.
(ii) S(X) is a sober space.
(iii) Moreover, qX is injective if and only if X is T0, and is a homeomorphism when X is
sober. The topological space S(X) is called the sobrification of X.
(iv) Let f :X→ Y be a continuous map. Then the map S(f ) :S(X)→S(Y ) defined by
C → f (C) is continuous and thus the assignment X→ S(X) defines a functor [1,
0.2.9].
Recall that a locally closed subset of a topological space X is a subset of X which is the
intersection of an open subset and a closed subset of X.
Let f :Y → Z be a quasi-homeomorphism. Denote by O(X) (respectively C(X),
respectively LC(X)) the set of all open (respectively closed, respectively locally closed)
subsets of a topological space X. Then the following maps:
– O(Y )→O(X) defined by U → f−1(U);
– C(Y )→ C(X) defined by C → f−1(C);
– LC(Y )→LC(X) defined by U → f−1(U) are bijections [1].
The following two lemmata may be derived respectively from [1, Chap 0, Corol-
laire (2.7.6)] and [1, Chap 0, Corollaire (2.7.4)].
Lemma 1.7. Let q :X→ Y be a quasi-homeomorphism andU a locally closed subset of Y .
Then the following statements are equivalent:
(i) U is quasi-compact.
(ii) q−1(U) is quasi-compact.
Lemma 1.8. Let q :X→ Y be a quasi-homeomorphism andU a locally closed subset of Y .
Then the restriction p :q−1(U)→U is a quasi-homeomorphism.
The following result sheds some new light on quasi-homeomorphisms. Its proof follows
immediately from Lemma 1.8; thus it is omitted.
Proposition 1.9. Let q :X→ Y be a quasi-homeomorphism. Then the maps
– (O(Y ),⊆)→ (O(X),⊆) defined by U → q−1(U);
– (C(Y ),⊆)→ (C(X),⊆) defined by C → q−1(C);
– (LC(Y ),⊆)→ (LC(X),⊆) defined by U → q−1(U)
are isomorphisms of ordered sets.
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An immediate consequence of Lemma 1.8 is the following.Proposition 1.10. Let q :X→ Y be a quasi-homeomorphism and U an open subset of Y .
Then the following statements are equivalent:
(i) U is co-quasi-compact and IQOC in Y .
(ii) q−1(U) is co-quasi-compact and IQOC in X.
2. A-spectral spaces
Our goal in the present section is to characterize A-spectral spaces.
We need to recall the patch topology [2]. Let X be a spectral space, by the patch
topology on X, we mean the topology which has as a sub-basis for its closed sets the
closed sets and quasi-compact open sets of the original space (or better, which has the
quasi-compact open sets and their complements as an open sub-basis). By a patch we mean
a set closed in the patch topology. Recall that the patch topology associated to a spectral
space is Hausdorff and quasi-compact [2].
Proposition 2.1. Let X be an A-spectral space and O a quasi-compact open subset of X˜
containing ∞. Then the following properties hold:
(a) X˜ \O is a quasi-compact closed subset of X.
(b) For each quasi-compact open subset U of X, O ∩U is quasi-compact in X.
(c) For each quasi-compact closed subset C of X, O ∩C is quasi-compact in X.
Proof. (a) Since X˜ \ O is a closed subset of X˜ not containing ∞, it is a quasi-compact
closed subset of X (Remark 1.1(2)).
(b) Let U be a quasi-compact open set of X and Π the patch topology on X˜. Hence
U is closed in (X˜,Π), and therefore U ∩ O is a patch of X˜. As U ∩O ⊆ X, then one
immediately sees that U ∩O is quasi-compact in X.
(c) Let C be a quasi-compact closed subset of X. Then C is closed in X˜. Hence C ∩O
is a patch of X˜. As C ∩O ⊆X, it is easily seen that O ∩C is quasi-compact in X. ✷
Now, we are in a position to give a characterization of A-spectral spaces.
Theorem 2.2. Let X be a topological space. Then the following statements are equivalent:
(1) X is A-spectral.
(2) X has the following properties:
(i) X has a basis of quasi-compact open subsets closed under finite intersections.
(ii) X is sober.
(iii) For each quasi-compact closed subset F of X, there exists a co-quasi-compact
and IQOC open subset O of X such that O ⊆X \F .
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Proof. (1)⇒ (2). Let B˜ be a basis of quasi-compact open subsets of X˜ closed under finite
intersections.
(i) It is easily seen that B = {O ∈ B˜ | ∞ /∈O} is a basis of quasi-compact open subsets
of X closed under finite intersections.
(ii) Follows immediately from Proposition 1.4.
(iii) Let F be a quasi-compact closed subset of X. Hence (X \F)∪{∞} is an open subset
of X˜.
Let O∞ ∈ B˜ such that O∞ ⊆ (X \ F) ∪ {∞} and ∞∈O∞. Let O =O∞ ∩X; then O is
an open subset of X and O ⊆ (X \ F). That O is IQOC and X \O is a quasi-compact
closed subset of X follows immediately from Proposition 2.1.
(2)⇒ (1). Let B be a basis of quasi-compact open subsets of X, which is closed under
finite intersections. Let us consider B˜ = B∪{O∪{∞}: O is a co-quasi-compact and IQOC
open subset of X}.
(a) B˜ is a basis of X˜.
Let V be an open subset of X˜. We consider two cases.
Case 1: ∞ /∈ V . In this case, V is an open subset of X. Thus there exists a collection
{Oi : i ∈ I } of elements of B such that V =⋃i∈I Oi .
Case 2: ∞∈ V . In this case, there exists a quasi-compact closed subset F of X such
that V = (X \ F) ∪ {∞}. Since B is a basis of X, there exists a collection {Oi | i ∈ I }
of elements of B such that X \ F = ⋃i∈I Oi . By hypothesis, there exists a co-quasi-
compact and IQOC open subset O of X such that O ⊆ X \ F . Hence O ∪ {∞} ∈ B˜,
so that V = (⋃i∈I Oi)∪ (O ∪ {∞}). Hence B˜ is a basis of X˜.
(b) Proposition 2.1 yields immediately the fact that each element of B˜ is quasi-compact.
(c) The intersection of two quasi-compact open subsets of X˜ is quasi-compact.
A quasi-compact open subset of X˜ is a finite union of elements of B˜. Thus to show (b),
it suffices to show that if V1,V2 ∈ B˜, then V1 ∩V2 is quasi-compact (since a finite union of
quasi-compact subsets of a topological space is quasi-compact).
We consider three cases.
Case 1: Suppose that V1,V2 ∈ B, then clearly V1 ∩ V2 is quasi-compact in X˜.
Case 2: Suppose that V1 ∈ B and V2 = O ∪ {∞}, where O is co-quasi-compact and
IQOC open subset of X. In this case, V1∩V2 = V1∩O is quasi-compact, since O is IQO.
Case 3: Suppose that V1 =O1 ∪ {∞} and V2 =O2 ∪ {∞}, where O1, O2 are two co-
quasi-compact and IQOC open subsets of X.
Let {Ui | i ∈ I } be an open covering of V1 ∩ V2. There is no loss of generality in
assuming Ui ∈ B˜. Since ∞ ∈ V1 ∩ V2, there exists i0 ∈ I such that ∞ ∈ Ui0 . Hence
Ui0 =Wi0 ∪ {∞}, where Wi0 is a co-quasi-compact and IQOC open subset of X.
Let us prove that X \ Wi0 is a spectral space (equipped with the topology inherited
from X). Clearly, (i) implies that X \Wi0 has a basis of quasi-compact open subsets which
is closed under finite intersections. That X \ Wi0 is quasi-compact follows immediately
from the fact that Wi0 is co-quasi-compact. Finally, X \Wi0 is a closed subset of a sober
space; hence it is sober. Therefore, X \Wi0 is a spectral space.
However, since O1 and O2 are IQC, it follows that V1∩ (X \Wi0 )=O1∩ (X \Wi0 ) and
V2 ∩ (X \Wi0 )=O2 ∩ (X \Wi0) are two quasi-compact open subsets of X \Wi0 . Hence
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(V1 ∩V2)∩ (X \Wi0)= (V1 ∩ (X \Wi0))∩ (V2 ∩ (X \Wi0)) is quasi-compact. Thus there
exists a finite subset I0 of I such that (V1 ∩ V2) ∩ (X \Wi0)⊆
⋃
i∈I0(Ui ∩X). Therefore,
V1 ∩ V2 ⊂Ui0 ∪ (
⋃
i∈I0 Ui), proving that V1 ∩ V2 is quasi-compact.
(d) That X˜ is sober follows immediately from Proposition 1.4.
We have thus proved that X˜ is spectral. ✷
Let us now give two examples of A-spectral spaces. First, recall some notions.
Let (X,) be a poset and x ∈ X. We define the height of x by ht (x) = sup{n | there
is a chain x0 < x1 < · · · < xn = x; xi ∈ X}. If x ∈ X, we denote by G(x) the set
{y ∈X | y  x} and by S(x) the set {y ∈X | y  x}.
The digital line, also known as the Khalimsky line is the set of the integers Z, equipped
with the topology K, generated by GK = {{2n− 1,2n,2n+ 1} | n ∈ Z} [3,4]. Hence a set
U ⊆ Z is open inK if and only if whenever x ∈ U is an even integer, then x−1, x+1 ∈U .
Remark 2.3. LetK be the ordering induced by the Khalimsky topologyK on Z. Then we
have the following equalities: {2n} = {2n} and {2n+ 1} = {2n,2n+ 1,2n+ 2}, for each
n ∈ Z.
Example 2.4. Let (Z,K) be the digital line. Then the following properties hold:
(1) (Z,K) is a spectral set.
(2) (Z,K) is an A-spectral space which is not spectral.
Proof. (1) Let X1 be the set of elements of height 1 and X2 the set of elements of height 0.
Since for all x ∈X2, S(x) ∩ S(y)= ∅ for all but finitely many y ∈X2, and for all x ∈X1,
G(x)∩G(y)= ∅ for all but finitely many y ∈X1; this yields (Z,K) is a spectral set [6,
Corollary 5.10].
(2) Is a direct consequence of Theorem 2.2. ✷
Remark 2.5. The result of Example 2.4 may be derived immediately from [5].
The following example was communicated to us by the referee.
Example 2.6. Let K be the Cantor set. Then K \ {1} endowed with the lower topology
(i.e., the sets {[0, a): a ∈K}) is an A-spectral space.
The following result gives other examples of A-spectral spaces.
Proposition 2.7. Let X be a topological space satisfying the following properties:
(i) X has a basis of quasi-compact open subsets closed under finite intersections.
(ii) For each quasi-compact closed subset F of X, there exists a co-quasi-compact and
IQOC open subset O of X such that O ⊆X \F .
Then S(X) is A-spectral.
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Proof. Let B be a basis of quasi-compact open subsets of X, which is closed under finite
intersections. Let qX :X→ S(X) be the canonical mapping from X to its sobrification
S(X). Then, according to Lemma 1.7, Bs = {U : q−1X (U) ∈ B} is a basis of quasi-compact
open subsets of S(X) closed under finite intersections.
Let G be a quasi-compact closed subset of S(X). Then q−1X (G) is a quasi-compact
closed subset X, by Lemma 1.7. According to (ii), there exists a co-quasi-compact and
IQOC open subset O of X such that O ⊆X \ q−1X (G). On the other hand, there exists an
open subset U of S(X) such that O = q−1X (U). Hence U is a co-quasi-compact and IQOC
open subset of X, by Proposition 1.10. Thus q−1X (U) ⊆ X \ q−1X (G) = q−1X (S(X) \G).
Therefore, U ⊆S(X) \G by Proposition 1.9.
Finally, Theorem 2.2 implies that S(X) is A-spectral. ✷
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